We show that central extensions of the mapping class group Mg (or M 1 g ) by Z are residually finite. Further we give rough estimates of the largest N = Ng such that homomorphisms from Mg to SU (N ) have finite image. In particular, homomorphisms of Mg into P GL( √ g + 1, C) have finite image, for g ≥ 3. Both results come from properties of quantum representations of mapping class groups.
Introduction and statements
Set Σ r g,k for the orientable surface of genus g with k boundary components and r punctures. We denote by M r g,k the mapping class group of Σ r g,k , namely the group of isotopy classes of homeomorphisms that fix pointwise the boundary components.
The following answers Question 6.4 of Farb (see Chapter 2 of [7] ). Mapping class groups have not property F . It is therefore interesting to understand whether they have property F n for some n. This is related to a question of Farb in [7] concerning linear representations in small degree. The previous remark shows that we cannot use unitary representations of M g that factor through Sp(2g, Z), as the later group has no finite dimensional unitary representations with infinite image. Our second result states as follows: Proposition 1.2. The maximal number N g for which M g has property F Ng satisfies:
where F j is the Fibonacci sequence given by F 0 = 0, F 1 = 1, F n+1 = F n + F n−1 . Moreover, these bounds are valid for any finite index subgroup of M g .
It is likely that N g behaves like an exponential for large g. This seems difficult to check because very few unitary representations of M g are known.
Our original motivation for this result was the following:
Notice that groups having homomorphisms with infinite image into SL(2, C) have not property T of Kazhdan. However, M g has no such representations, if g ≥ 3, by the Corollary above.
Results of similar flavor were proved in [10] where it is shown that representations
One inequality above is an immediate consequence of a theorem of Bridson ([4] ) concerning the property F A n , which was introduced by Farb in [9] . The second inequality comes from the existence of quantum representations of M g with infinite image ( [13] ).
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Proof of Proposition 1.1
We prove the claim first for the universal central extension. This is known when g = 1 and the central extension is isomorphic to the braid group B 3 . An important result due independently to Andersen ([1] ) and to Freedman, Walker and Zhang ( [11] ) states that the SU (2) TQFT representation of the mapping class group is asymptotically faithful. Specifically, there is a sequence of representations ρ k (indexed by an integer k, called level) ρ k : M g → P U (N (k, g)) into the projective unitary group of dimension N (k, g) (for some N (k, g) depending exponentially on k) such that the intersection of the kernels ∩ k≥2 ker ρ k is trivial (for g ≥ 3) and the center (generated by hyperelliptic involution) when g = 2. Moreover for g = 2 we can use the SU (n) TQFT representation (for n ≥ 3) for which the intersection of the kernels above is trivial (see [1] ). We will use through out this article this result, as the asymptotic faithfulness of the quantum representations. This is a projective representation which lifts to a linear representation (12) of the mapping class group M g by Z. This representation corresponds to invariants of 3-manifolds with a p 1 -structure. Masbaum, Roberts ( [17] ) and Gervais ([15] ) gave a precise description of this extension. Namely it is associated the cohomology class c f
. Recall that the generator χ, called also Euler class or signature class is the class of one fourth the Meyer signature cocycle.
Observe that the ρ k action of the center of M g (12) is by roots of unity whose of order 2k (see [17] for the explicit formula). In fact this action corresponds to the change of the p 1 -structure of a 3-manifold and it is well-knwon that the quantum invariant changes by a root of unity of order 2k. Thus every element of the center acts non-trivially via ρ k (for large enough k), so that the representations of M g (12) are also asymptotically faithful. This implies that M g (12) is residually finite.
The universal central extension M g (1) , where M g (n) denotes the central extension by Z whose class c f (12) ans thus the universal central extension is residually finite. Now a general central extension by Z is either trivial (and hence residually finite) or else associated some M g (n), for n ∈ Z. We observed above that there is an injective homomorphism M g (1) → M g (n), which sends the central element z into z n . Moreover, the image is a normal subgroup of M g (n). In particular
is residually finite: any element not detected by the homomorphism onto Z/nZ belongs to M g (1) . Inducting finite groups representations from M g (1) to M g (n) we obtain finite group representations of the later detecting every nontrivial element of M g (1) . This proves the claim. Remark 2.1. Freedman, Walker and Zhang already observed in [11] that a simple consequence of the asymptotic faithfulness is that M g is residually finite. Remark 2.2. This proof works more generally for the punctured mapping class group M 1 g and for those extensions whose cohomology classes are nχ + e, for some n ∈ Z. Recall that H 2 (M 1 g ) = Zχ ⊕ Ze, where χ is the signature class and e is the class associated to the puncture. Remark 2.3. Notice that there exist representations of Sp(2g, Z) of the same type like the quantum representations of the mapping class group, for instance those associated to the monodromy of level k theta functions (in the U (1) gauge theory, see e.g. [12, 14] ). Again this is only a projective unitary representation which lifts to a unitary representation ρ Sp,k : Sp(2g, Z)(4) → U (k g ). Here Sp(2g, Z)(4) is the central extension of Sp(2g, Z) by Z whose class is 4 times the Maslov class. However these representations factor through the integer metaplectic group. Further the generator of the kernel of Sp(2g, Z)(4) → Sp(2g, Z) acts as the multiplication by the root of unity of order 8, for any level k. Thus the intersection of ∩ k≥2 ρ Sp,k is 2Z, and the result of Deligne shows that this is sharp.
Proof of Proposition 1.2
In the second part we consider the a notion introduced by Farb in [9] generalizing Serre's property F A. Definition 3.1. Let n ≥ 1. A group Γ has property F A n if any isometric action on any n-dimensional CAT(0) cell complex X has a fixed point.
Observe that property F A 1 corresponds to Serre's property F A, namely any action without inversions of Γ on a real tree should fix a vertex. Notice that Kazhdan groups have property F A. Moreover if a group has property F A n then it has property F A k for all k < n. It is known (see [9] ) that a group Γ with property F A n−1 has n-integral representation type, namely the eigenvalues of matrices in ρ(Γ), for a homomorphism ρ : Γ → GL(n, K) with K a field, are algebraic integers if char(K) = 0. Moreover there are only finitely many conjugacy classes of irreducible representations of Γ into GL(n, K) for an algebraically closed field K.
Culler and Vogtman proved that M g has property F A 1 in [5] . In [7] one asks to estimate the maximal n = n(g) for which M g has property F A n .
There is a version of F A n , namely the strong F A n (which implies F A n ), in which one considers complete CAT(0) spaces and semi-simple actions. It is proved by Bridson in ( [4] , see also [3] ) that M g has strong F A g . Moreover it is known that M g acts (faithfully if g > 2) by semi-simple isometries on the completion of the Teichmüller space with the Weil-Peterson metric (of dimension 6g − 6). Thus g ≤ n(g) ≤ 6g − 7.
The key point is to relate the F A n property to the finiteness of unitary representations. Specifically, we have the following: Proposition 3.1. If Γ is finitely generated, H 1 (Γ, Q) = 0 and has property F A n 2 −1 then representations Γ → P U (n) have finite image.
Proof. Let Γ be the image of Γ under some homomorphism into P U (n) ⊂ P SL(n, C). A finitely generated subgroup Γ of P SL(n, C) lies into some P SL(n, A), where A is a finitely generated subring of C. Let ϕ : A → Q be a specialization of A, which induces a morphism ϕ : P SL(n, A) → P SL(n, Q). The image ϕ(Γ) belongs then to some P SL(n, K), where K is a finite extension of Q. Proof. Jordan's theorem says that there is some f (n) such that any finite subgroup of P SL(n, K) has a normal abelian subgroup of index at most f (n). The intersection of all subgroups of Γ of index at most f (n) is then a finite index subgroup U ⊂ Γ such that ϕ([U, U ]) = 1 for every specialization ϕ. Since specializations ϕ separate the points of A we have [U, U ] = 1. Therefore Γ is abelian by finite. But the abelian group in question is the image by a homomorphism of Γ and hence it is finite, because H 1 (Γ, Q) = 0. Thus Γ is finite.
It suffices to show that for any specialization ϕ the image G = ϕ(Γ) is finite. Now, if Γ has property F A n−1 then G = ϕ(Γ) has also property F A n−1 . We will show that: Lemma 3.2. A finitely generated subgroup G ⊂ P U (n) ∩ P SL(n, K) with property F A n 2 −1 is finite.
Proof. If G ⊂ P SL(n, K) is a finitely generated subgroup with property F A n−1 then its image in P SL(n, K v ) is precompact, for each non-Archimedian valuation v of K. In fact, G acts on the Bruhat-Tits building associated to P SL(n, K v ) and the stabilizer of a vertex is a compact subgroup.
In what concerns the Archimedian valuations it suffices to consider the complex ones. But P SL(n, C) acts on the symmetric space SL(n, C)/SU (n) of non-compact type and real dimension n 2 − 1. Since this space is CAT(0) and G has property F A n 2 −1 it follows that the image of G into SL(n, C) is contained in the stabilizer P U (n) for any complex valuation inducing P SL(n, K) → P SL(n, K).
Thus G is a finitely generated subgroup of P SL(n, K) whose image in P SL(n, K v ) is precompact for each valuation v of G. But P SL(n, K) embeds as a discrete subgroup of P SL(n, A K ) the group over the adeles group A K of K. Then G is discrete and precompact into P SL(n, A K ) and hence finite.
This proves Proposition 3.1.
End of the proof of Proposition 1.2. Consider now the smallest (projective) quantum representation M g → P U (d g ) with infinite image, for g ≥ 2. This is the SO(3) quantum representation in level 5 (see e.g. [13] ), whose dimension d g is given by the Verlinde formula: where F j is the Fibonacci sequence F 0 = 0, F 1 = 1, F n+1 = F n + F n−1 . For instance d 2 = 5. These mapping class group representations come from the so-called Fibonacci TQFT. Moreover, it is clear that the same estimates hold true for any finite index subgroup of M g . This proves the claim. Corollary 1.1 follows from the proof of Proposition 3.1 above.
